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Abstract11
Oscillatory stresses are ubiquitous on earth and other solid-surface bodies. Tides and12
seasonal signals perpetually stress faults in the crust. Relating seismicity to these stresses13
offers fundamental insight into earthquake triggering. We present a simple model that14
describes seismicity rate due to perpetual oscillatory stresses. The model applies to large15
amplitude, non-harmonic, and quasi-periodic stressing. However, it is not valid for pe-16
riods similar to the characteristic time ta. We show that seismicity rate from short-period17
stressing scales with the stress amplitude, but for long-periods with the stressing rate.18
Further, that background seismicity rate r is equal to the average seismicity rate dur-19
ing short-period stressing. We suggest Aσ0 may be underestimated if stresses are approx-20
imated by a single harmonic function. We revisit Manga et al. (2019), which analyzed21
the tidal triggering of Marsquakes, and provide a re-scaling of their seismicity rate re-22
sponse that offers a self-consistent comparison of different hydraulic conditions.23
Plain Language Summary24
The surface of Earth and many other planets and moons is constantly being stressed25
in an oscillatory manner, for example, by the gravitational pull of moons, planets, and26
suns. Further, weather, climate, oceans, and other factors may also generate oscillatory27
stresses. The resulting fluctuations in stress may result in an increased or decreased prob-28
ability of earthquakes with time. Here we derive a simple formula that can help scien-29
tists understand how these oscillatory stresses relate to seismic activity. Moreover, we30
revisit a recent estimate of the maximum sensitivity of Marsquakes to tides and reach31
a different conclusion.32
1 Introduction33
Faults in the shallow crust are subject to perpetual, quasi-periodic, oscillatory stress34
perturbations due to several forcing factors. In particular, oceanic or solid-earth tides,35
seasonal surface loads due to surface hydrology and the cryosphere, and surface temper-36
ature changes. The study of the seismicity response to such stress variations can in prin-37
ciple provide insight into fault friction and earthquake nucleation mechanisms (e.g., Beeler38
& Lockner, 2003; Scholz et al., 2019; Luo & Liu, 2019; Ader et al., 2014) and possibly39
inform us of the preparatory phase to impending earthquakes (e.g., Chanard et al., 2019;40
S. Tanaka, 2012). Stresses from oscillatory loading are often temporally complex but can41
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be computed with reasonable accuracy (e.g., Tsuruoka et al., 1995; Agnew, 1997; Y. Tanaka42
et al., 2015; Lu et al., 2018; Johnson et al., 2020), and their relationship to changes in43
seismicity or tremor rate might reveal fundamental insight into earthquake triggering.44
On Mars and the Moon, such factors might be the dominant source of seismicity (Manga45
et al., 2019; Duennebier & Sutton, 1974; Lognonne, 2005).46
Although earthquakes are often weekly correlated to tides, tectonic tremors seem47
strongly correlated to tides both in the roots of strike-slip faults (Thomas et al., 2012,48
2009) and subduction zones (Rubinstein et al., 2008; Yabe et al., 2015; Houston, 2015)49
where slow-slip also is modulated by tidal stresses (Hawthorne & Rubin, 2010). Seasonal50
variation of seismicity driven by surface load variations have been reported in several stud-51
ies (e.g., Bettinelli et al., 2008; Amos et al., 2014; Ueda & Kato, 2019). However, in most52
places, the seismicity rate depends weakly on tides (S. Tanaka et al., 2002; Cochran et53
al., 2004), except at mid-ocean ridges (e.g., Tolstoy et al., 2002). With the emergence54
of the next generation of machine learning and template matching techniques for gen-55
erating earthquake catalogs, which may have ten times the sensitivity of traditional meth-56
ods (e.g., Ross et al., 2019), we will be able to detect and quantify the seismicity response57
to tidal and seasonal loading. New developments in observational earthquake seismol-58
ogy, and the emplacement of a seismometer on Mars, call for a simple model for seismic-59
ity rate under tidal loading that can be compared to data. Here we provide such a model60
(equation 8) that can be readily used and has, in practice, only one free parameter in61
most applications. Further, we highlight important assumptions, such as ignoring finite62
fault effects and discuss potential pitfalls in applying rate-and-state seismicity produc-63
tion models to oscillatory stresses.64
Theoretical studies have used the rate-and-state seismicity production model of Dieterich65
(1994) to develop an approximate theory for oscillatory stresses. Dieterich (2007) rec-66
ognized that for small amplitude and short duration stress changes, the tidally induced67
signal could be approximated as the instantaneous response predicted by the Dieterich68
(1994) theory. Under these assumptions, Dieterich (2007) derived a simple relationship69
for a harmonic stress perturbation. Ader et al. (2014) provided a more general analyt-70
ical expression; however, the analysis of Ader et al. (2014) was also restricted to a sin-71
gle harmonic perturbation. Because rate-and-state friction is non-linear, knowing the re-72
sponse to harmonic perturbations is not sufficient to describe the response to oscillatory73
stress variations in general. For example, tidal loading cannot be explained by a single74
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harmonic perturbation (e.g., Figure 1), and the formalism of Dieterich (2007) and Ader75
et al. (2014) would not allow estimating the expected seismicity response. We, therefore,76
present a simple approximate relationship for seismicity rate due to arbitrary long-term77
oscillatory stressing that is superimposed on the long-term constant stressing rate. The78
oscillatory stressing can be non-harmonic, quasi-periodic, and include random variations.79
The approximation is valid as long as the average of the oscillatory stress converges to80
a mean value on a time-scale shorter than a characteristic time ta. We give a mathemat-81
ical condition for when the approximation is valid and provide corrections and alterna-82
tive expressions for end-member cases where the approximation breaks down. As an il-83
lustration, we revisit the analysis of the seismicity response to tidal forcing on Mars of84
Manga et al. (2019), based on the solution of Dieterich (1994).85
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Figure 1. Time-series of Coulomb stress changes due to the solid earth tides. a 10 years of
Coulomb stress perturbations due to solid earth tides on a shallow right-lateral strike-slip fault
striking NW-SE and located at Caltech campus. b The stress changes in the black box in a in
blue, green represents the dominant single harmonic mode of the Coulomb stress time series. In
section 3.1 we will compute the theoretical seismicity rate during the period in b where the entire
time-series in a is used to fade out the instantaneous initial response.
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2 Theory86
In this section, we present a simple model for triggering due to oscillatory stresses.87
We refer the reader to Appendix A for the details of the derivation.88
Heimisson and Segall (2018) re-derived the Dieterich (1994) theory and showed:89
R(t) = r
K(t)
1 + 1ta
∫ t
0
K(t′)dt′
, (1)
where R(t) is the seismicity rate produced by a population of seismic sources with back-90
ground seismicity rate r. Further, ta = Aσ0/ṡ0 is a characteristic time over which fluc-91
tuations in seismicity rate return to the background seismicity and A is a constitutive92
parameter proportional to the instantaneous frictional dependence on rate. If changes93
in normal stress σ(t) are small compared to the initial normal stress σ0 then K is well94
approximated as:95
K(t) ≈ exp
(
S(t)
Aσ0
)
. (2)
However, see equation 30 in Heimisson and Segall (2018) for detailed conditions. S(t) =96
τ(t)− µσ(t) and ṡ0 = τ̇r − µσ̇r are the modified Coulomb stressing history and back-97
ground stressing rate respectively with µ = τ0/σ0 − α where α is the Linker and Di-98
eterich (1992) constant, typically between 0 – 0.25 and describes coupling of normal stress99
and state. It is worth emphasizing that µ does thus not represent a coefficient of fric-100
tion in the traditional sense; hence the name modified Coulomb stress.101
The population of seismic sources is assumed to be non-interacting; however, Heimisson102
(2019) showed that an interacting population could be modeled as an equivalent non-103
interacting population. This means that we don’t expect interaction on average to fun-104
damentally change the response of the system to perturbations.105
The presence of the integral in equation 1 and the fact that K(t) > 0 causes per-106
turbations introduced at t = 0 to decay. The short time limit of equation 1, when the107
integral is much smaller than ta, is the instantaneous response due to a perturbation in108
stress:109
R = rK(t) ≈ r exp
(
S(t)
Aσ0
)
. (3)
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Dieterich (2007) argued that the instantaneous response (equation 3) is appropriate for110
periodic loading when the period T is small compared to a characteristic time, which de-111
scribes when the seismicity rate starts decaying, in other words, the onset of the "Omori"112
(∼ 1/t) decay following a step change in stress. In Appendix A, we investigate the va-113
lidity of that argument by Dieterich (2007), which has often been applied the tidal trig-114
gering of seismicity and tremor (e.g., Dieterich, 2007; Thomas et al., 2012; Delorey et115
al., 2017; Scholz et al., 2019). In Appendix A, we show for a time-dependent stressing116
history of the form S(t) = ST (t)+ṡ0t, where ST (t) is an oscillatory modified coulomb117
stress with a well defined average value (e.g., tidally induced stress), the long term re-118
sponse in seismicity rate is:119
R(t)
r
=
exp
(
ST (t)
Aσ0
)
M
, (4)
where M is the average120
M = lim
T→∞
1
T
∫ T
0
exp
(
ST (t)
Aσ0
)
dt. (5)
We note that M = 1 only if ST (t) = 0. The average of ST (t) may be zero, but121
with non-zero amplitude, we always have M > 1. Equation 4 generalizes the special122
cases for a harmonic perturbation that was explored by Ader et al. (2014). One impor-123
tant consequence of equations 4 and 5 is that the average seismicity rate R̄(t) under os-124
cillatory stresses is the same as the background rate r when no oscillatory stresses oc-125
cur. This can be shown explicitly:126
R̄(t)
r
= lim
T→∞
1
T
∫ T
0
R(t)
r
dt =
1
M
lim
T→∞
1
T
∫ T
0
exp
(
ST (t)
Aσ0
)
dt = 1. (6)
In other words, in the presence of general oscillatory stresses, the background rate, in127
the traditional sense expressed by Dieterich (1994), is observable as the average seismic-128
ity rate. This finding is consistent with equation 55 derived by Helmstetter and Shaw129
(2009), which shows that earthquake number is linearly proportional to the stress change130
at t ta and thus a zero mean stress change would not induce any change in a num-131
ber of events, for an observation time much longer than ta. However, equation 6 is more132
general since it doesn’t assume that the mean stress is zero.133
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Let’s define t0 as a zero-crossing time of the oscillatory stress perturbation, i.e., ST (t0) =134
0. Then the rate is135
R0 =
r
M
. (7)
It can thus be useful to rewrite equation 4136
R(t) = R0 exp
(
ST (t)
Aσ0
)
. (8)
Rate R is equal to the background average rate r when there are no oscillatory stresses137
(that is R0 = r if M = 1), thus the approximation proposed by Dieterich (2007) (equa-138
tion 3) is valid when the stress perturbation is very small compared to Aσ0 (|ST (t)|/Aσ0 139
1); otherwise, it remains valid within a scaling factor M . If M > 1 the peak-to-peak140
variation of the seismicity can be significantly overestimated. For many applications, the141
assumption |ST (t)|/Aσ0  1 is valid. In applications to aftershocks Aσ0 ∼ 0.01 – 0.1142
MPa (Hainzl, Steacy, & Marsan, 2010), which is much larger than tidal stresses (∼ 10−3 – 10−4143
MPa, e.g., Figure 1). However, tidal triggering of tectonic tremors near Parkfield has sug-144
gested an average value of Aσ0 = 6 · 10−4 MPa (Thomas et al., 2012), in which case145
ST (t)/Aσ0 could be on the order of 0.2 – 2 . So the ST (t)/Aσ0  1 assumption is clearly146
violated. Furthermore, Aσ0 may be generally different on other planetary bodies com-147
pared to earth (Manga et al., 2019).148
It is useful to summarize the fundamental underlying assumptions that give rise149
to equation 4 or 8:150
1. The average in equation 5 should converge on a time-scale much less ta.151
2. Oscillatory stresses ST (t) have been ongoing for a time much larger than ta.152
3. Normal stress changes should be modest compared to initial normal stress for the153
Coulomb stress approximation to be valid (Heimisson & Segall, 2018).154
4. Other assumptions of the Dieterich (1994) theory, most importantly, source finite-155
ness can be neglected (see Kaneko & Lapusta, 2008), the population of seismic sources156
is well above steady-state (see Heimisson & Segall, 2018), and neglecting effects157
that arise from source interactions (see Heimisson, 2019).158
Additional discussion of these assumptions is provided in Appendix A and Appendix159
B, but it is worth highlighting here a fundamental difference that arises when the pe-160
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riod of oscillations is much larger than ta, and assumption 1 is strongly violated, in which161
case the seismicity rate is proportional to the stressing rate, not the stress:162
R(t)
r
≈ 1
1− ta ṠT (t)Aσ0
. (9)
One can interpret equation 9 such that long period stresses effectively change the163
background rate to r′(t) = r/(1 − taṠT (t)/(Aσ0)) because the populations of seismic164
sources can evolve to a new steady-state rate on time-scales larger than ta. In Appendix165
B we show how a combination of 4 and 9 can be used when long period and short pe-166
riod stressing is superimposed (see. equation B6).167
3 Examples of applications and comparison with theory168
3.1 Application to solid-earth tides169
To test equation 4 against the full solution (equation 1) we generate a time series170
of Coulomb stress change using the Solid software (Milbert, 2018) representing the (mod-171
ified) Coulomb stress changes, with µ = 0.4, due to the solid earth tides on shallow right-172
lateral strike-slip fault striking NW-SE and located at Caltech campus in California. The173
entire time-series is shown in Figure 1a, but we will restrict our attention to the obser-174
vation window shown in Figure 1b. Most of the time series in Figure 1a is used to erase175
the initial response or initial conditions in equation 1 and compute M . In the following176
we refer to this procedure simply as erasing the initial response. We choose ta = 0.5177
years. We vary Aσ0 as described in Figure 2 choosing values that reflect a typical range178
of values in aftershock studies: 0.1 and 0.01 MPa (Hainzl, Steacy, & Marsan, 2010) and179
a value inferred in studying tidal triggering of tectonic tremors 6·10−4 MPa (Thomas180
et al., 2012). We find that even for large fluctuations in R/r, equation 4 is in good agree-181
ment with the full solution (Figure 2c).182
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Figure 2. Comparison of various approximations and the full solution in equation 1 after the
initial response has been faded out. Scaled seismicity rate (R/r) for (a) Aσ0 = 1 · 10−1 MPa, (b)
Aσ0 = 1 · 10−2 MPa, (c) Aσ0 = 6 · 10−4 MPa (note the logarithmic scale). In all cases equation
4 provides an excellent approximation in all cases with an average relative error of less than 0.002
%, 0.02 %, and 0.7 % in panels a, b, and c respectively. A single harmonic perturbation does not
capture the details of the curve shape or amplitude.
Corresponding theory for a single harmonic stress perturbation of Dieterich (2007)183
is obtained from equation 3 by representing ST (t) by a single harmonic function. Like-184
wise, the harmonic theory of Ader et al. (2014) is obtained in the same manner from equa-185
tion 4. We computed the dominant frequency of the signal in Figure 1a by computing186
a power spectral density. Then find the best fitting amplitude and phase by minimiz-187
ing an L2 norm that quantifies the residual between the time-series shown in Figure 1a188
and the single harmonic function. The resulting harmonic stress perturbation is shown189
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in Figure 1b in green used to compute the seismicity rate using both the expressions from190
Dieterich (2007) and Ader et al. (2014) in Figure 2. The dominant frequency of the earth-191
tide signal generally predicts when the seismicity rate is higher or lower than average.192
However, the shape and amplitude of the theoretical seismicity rate time-series cannot193
be matched with a single harmonic function.194
3.2 Marsquakes: Reevaluating Manga et al. (2019)195
Recently, Manga et al. (2019) argued that Mars might have a clearer relationship196
between tides and seismicity rate, which could result in variation as large as two orders197
of magnitude in scaled seismicity rate R/r, also referred to as relative seismicity rate (see198
Figure 3 bottom-left panel in Manga et al. (2019)). Their predicted signal was appar-199
ently produced based on the initial instantaneous response (Figure 3a) and thus not strictly200
correct, as presented. As discussed in the previous section, care needs to be taken to erase201
the initial response when applying equation 1 by simulating a time window before the202
observation window that is much larger than ta and is sufficiently long to estimate M203
accurately. If this is not done, the tidal response may be significantly over-estimated, in-204
deed by a factor of 1/M .205
We use equation 1 without erasing the initial response and find a good agreement206
with their results (Figure 3a), despite some simplifying assumptions that are detailed207
in the next paragraph. Extrapolation of their results suggests that the changes in seis-208
micity rate should be much smaller than they estimated (Figure 3b).209
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Figure 3. Reevaluation of Manga et al. (2019), reveals that they likely overestimated the
maximum response by at least a factor of 10. (a) Using an approximate stressing history we
observe that equation 1 is in good agreement with the results reported in Figure 3 bottom-left
panel in Manga et al. (2019). In contrast, equation 4 suggests that the amplitude should be
approximately 100 times less although the shape of the curves is the same. (b) Simulating a
time-scale t ∼ ta where ta ≈ 71.5 earth years, which we computed based on parameters given by
Manga et al. (2019), shows that equation 1 and 4 converge once the initial response gets erased.
To replicate the results of Manga et al. (2019), we approximate the Coulomb stress210
perturbations they reported for strike = 0◦ (Figure 2 in Manga et al. (2019)) by a sum211
of three harmonic functions fitted to a digitized version of their figure. This provides an212
excellent fit to the reported Coulomb stress calculations during the four days window213
they show. However, the long term extrapolation in Figure 3b shows that the seismic-214
ity rate decays over a time-scale of t ∼ ta, before reaching the expected rate variation215
due to tidal loading that would be observable.216
Fortunately, the ratio between the instantaneous response and the long-term re-217
sponse is M . Thus from equation 8 we can conclude that the reported relative rate of218
Manga et al. (2019) is correct if interpreted as relative to R0, but not r as they stated.219
One important consequence is that the difference in seismicity rate shown in different220
panels in Figure 3 in Manga et al. (2019) (showing response due to variations in effec-221
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tive normal stress) does not reflect relative changes in absolute seismicity rate. In their222
top panels M ≈ 1, in the bottom panels M ≈ 100. The maximum rate in the bottom223
panel is ≈ 600, but for the top ≈ 1. Thus, the difference in maximum absolute seismic-224
ity rate, of the two scenarios, is only about a factor of 6.225
4 Discussion226
Equations 4 or 8 offer an estimate of the seismicity rate produced by a population227
of seismic sources due to a stressing history produced by a constant stressing rate and228
oscillating stress sources. These equations are perfectly equivalent and simple to use, given229
that the stressing history is known, there is only one free parameter that may need to230
be fitted: Aσ0. The results thus offer a way to assess the validity of rate-and-state seis-231
micity rate theories (Dieterich, 1994; Heimisson & Segall, 2018) and place constraints232
on the friction law. Further, estimating Aσ0 by using tides or seasonal stress variations233
has implications for physics-based forecasts of aftershocks, where this parameter also needs234
to be estimated (e.g. Hainzl, Brietzke, & Zoller, 2010). Thus tides could be used in ad-235
vance to or map spatial variations of this parameter. Those values could then be used236
for aftershock forecasts once an earthquake occurs or forecast induced seismicity expected237
in response to anthropogenic stress changes.238
Equation 8 may be preferred in some data applications compared to equation 4.239
Remarkably, Yabe et al. (2015) and Scholz et al. (2019) successfully applied equation 8240
in good agreement with data without explicit theoretical underpinnings. While Yabe et241
al. (2015) correctly state that R0 is a reference rate when tidal stress is zero, the latter242
study refers to R as "the instantaneous seismicity rate". We have shown here that R in243
equation 3 represents the instantaneous seismicity rate, but equation 8 is the approx-244
imate seismicity rate in the presence of long term response tidal loading or other oscil-245
latory stresses. R0 6= r, unless |ST (t)|/Aσ0  1 for all t, in which case R0 ≈ r.246
The approximation made in equation 4 or 8 is not valid in the limit of a very long247
period stress variations that are larger than ta, as described by equation 9. In this case,248
we expect the seismicity rate to be proportional to the stressing rate, but not the stress.249
Beeler and Lockner (2003) conducted experiments on a saw-cut sample in a triaxial load-250
ing frame. They imposed oscillatory stresses on a constant stressing rate and found that251
for short periods compared to the nucleation time, changes in event probability was in252
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phase with the stress. However, for long periods the probability of events was propor-253
tional to and in phase with the stressing rate. Their finding is in agreement with our the-254
oretical results.255
Johnson et al. (2017) investigated the relationship between seismicity rate and sea-256
sonal variations in shear stress and stress rate in California. Depending on fault orien-257
tation, they identified a weak correlation of seismicity rate with either shear stressing258
rate or stress. This finding would suggest that, on average, ta changes with fault orien-259
tation. That is reasonable since background stressing rates must vary with fault orien-260
tation. We emphasize that when investigating seasonal changes in seismicity rate, which261
may be on a similar time-scale as ta, one must be careful since no approximation pre-262
sented here may work. We strongly suggest that equation 1 should be used for reference263
after erasing the initial response. Further, we recall that our analysis assumes that a sin-264
gle degree of freedom spring-and-slider system can approximate the response of a fault265
to a stress perturbation. Significant differences have been observed if finite fault effects266
need to be taken into account (e.g. Kaneko & Lapusta, 2008; Ampuero & Rubin, 2008;267
Rubin & Ampuero, 2005). Simulations indicate that this happens if the typical period268
of the stress perturbation is of the order of 2πta (Ader et al., 2014). In that case, the269
approximate analytical solutions described in this study would not apply.270
Using a single harmonic function to represent the oscillating stressing history may271
be desirable due to the simplicity of the problem and the fact that spectral analysis, such272
as the Schuster spectra, can be used to extract the dominant period of the seismicity rate273
(Ader et al., 2014). However, this may lead to a bias in the estimate of Aσ0 if the stress-274
ing history has multiple components that can add up coherently. Let us assume that the275
stressing history is composed of N harmonic components:276
ST (t) =
N∑
i=1
ci sin
(
2πt
Ti
+ φi,
)
(10)
where the amplitudes are sorted: c1 > c2 > . . . > cN and thus T1 is the dominant pe-277
riod. Using equation 8 and only the dominant harmonic component of the ST (t) then278
one finds:279
log
(
max(R)
R0
)
=
c1
(Aσ0)SH
, (11)
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where (Aσ0)SH represent the estimate of Aσ0 under the assumption of a single harmonic,280
and max(R) is the maximum observed seismicity rate. However, for multiple harmon-281
ics we find:282
log
(
max(R)
R0
)
= max
∑Ni=1 ci sin
(
2πt
Ti
+ φi,
)
(Aσ0)MH
 ≤ ∑Ni=1 |ci|
(Aσ0)MH
, (12)
where (Aσ0)MH represents the estimate of Aσ0 under the assumption of multiple har-283
monics. Thus we conclude that the ratio of the two estimates is bounded in the follow-284
ing manner:285
(Aσ0)MH
(Aσ0)SH
≤
∑N
i=1 |ci|
|c1|
. (13)
Therefore, we expect that Aσ0 is typically underestimated if a single harmonic stress source286
is assumed. This conclusion is consistent with Figure 2, which shows that the amplitude287
is not well match by a single harmonic. However, dividing Aσ0 by factor 5.3 would al-288
low the single harmonic approximation to match the maximum rate of the full solution.289
Equation 13 thus successfully offers an inequality constraint of (Aσ0)MH ≤ 30·(Aσ0)SH .290
5 Conclusions291
We have derived a simple approximate equation to quantify the relationship be-292
tween seismicity and oscillatory stresses, based on assuming an earthquake nucleation293
process governed by rate-and-state friction. This relationship may be used, for exam-294
ple, in theoretical or observational studies of seismicity response to tidal and seasonal295
loading. For stress perturbations with periods shorter than ta equation 4 or 8 provide296
an excellent approximation. We have also provided an approximation for periods longer297
than ta (equation 9). Finally, in Appendix B and equation B6 we offer an approxima-298
tion for superposition of short period loading and long period loading relative to ta. How-299
ever, for stress perturbations with periods ∼ ta require a more careful analysis (e.g. equa-300
tion 1).301
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Appendix A Derivation of equation 4306
We write the stressing history as the sum of steady stressing rate (ṡ0t) and time-307
dependent stress perturbation ST (t), i.e. S(t) = ST (t) + ṡ0t and obtain308
K(t) = exp
(
S(t)
Aσ0
)
= exp
(
ST (t)
Aσ0
+
t
ta
)
= η(t) exp
(
t
ta
)
. (A1)
We assume η(t) is a function with the following property309
η(t) = M + ε(t), where M = lim
T→∞
1
T
∫ T
0
η(t)dt with |M | <∞, (A2)
it follows that310
lim
T→∞
1
T
∫ T
0
η(t)dt = lim
T→∞
1
T
∫ T
0
Mdt+
1
T
∫ T
0
ε(t)dt = M + lim
T→∞
1
T
∫ T
0
ε(t)dt. (A3)
In other words, M is the average of η(t) and |M | <∞; thus the average of ε(t) is zero,311
that is312
lim
T→∞
1
T
∫ T
0
ε(t)dt = 0. (A4)
For example, any periodic bounded function η(t) = η(t+T ), satisfies these conditions.313
In this case, the physical interpretation of η(t) is log(η(t)) = Sp(t)/Aσ0 where Sp(t) =314
Sp(t+ T ) is a periodic stress perturbation.315
There is no requirement that ST (t) has to be a harmonic perturbation, such as pre-316
viously explored (Ader et al., 2014; Dieterich, 2007), or a periodic perturbation. Tidal317
loading has multiple harmonic components and their periods do not exactly differ by an318
integer. The resulting stressing history is not periodic. However, we can still write η(t) =319
exp(ST (t)/Aσ0) = M+ε(t). Further, we could imagine that ε(t) contains a stochastic320
component with a well defined mean. We shall now derive the long term behavior of a321
population of seismic sources that is persistently subject to a stressing history that can322
be written in the form of equation A1.323
Once the integral in the denominator of equation 1 is much larger than ta we may324
simplify325
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R(t)
r
=
K(t)
1
ta
∫ t
0
K(t′)dt′
, (A5)
or using the notation in equation A1326
R(t)
r
=
η(t) exp
(
t
ta
)
1
ta
∫ t
0
η(t) exp
(
t
ta
)
dt′
. (A6)
Substitution with A2 yields327
∫ t
0
η(t) exp
(
t
ta
)
dt′ = taM exp
(
t
ta
)
+
∫ t
0
ε(t′) exp
(
t′
ta
)
dt′ (A7)
and we obtain:328
R(t)
r
=
η(t)
M + 1ta
∫ t
0
ε(t′) exp
(
−(t−t′)
ta
)
dt′
. (A8)
We recognize that
∫ t
0
ε(t′) exp
(
−(t−t′)
ta
)
dt′ is simply a convolution. The function exp(−(t− t′)/ta),329
imposes a memory effect and essentially eliminates any contribution in fluctuations in330
ε(t) in a time window of that lies significantly outside times t−ta to t. Thus if ε(t) av-331
erages to 0 on a time-scale that is significantly shorter than ta the integral can gener-332
ally be ignored. For example, this condition is satisfied if the oscillatory stresses and pos-333
sible random stresses, average to approximately zero on a time-scale smaller than ta. More334
precisely, the integral can be ignored if the following condition applies:335
∣∣∣∣∣∣
1
ta
∫ t
0
ε(t′) exp
(
−(t−t′)
ta
)
dt′
M
∣∣∣∣∣∣ 1, for all t, (A9)
then equation A8 reduces to336
R(t)
r
=
η(t)
M
=
exp
(
ST (t)
Aσ0
)
M
. (A10)
Appendix B Validity of equations 4/8337
Here we offer further analysis on the validity of equation 4 or 8 and provide some338
insight into the regimes when they are not valid. The validity of equation 4 or 8 rests339
on the validity of equation A9. We investigate two different expansions of the relevant340
term through repeated integration by parts:341
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1
ta
exp
(
− t
ta
)∫
ε(t′) exp
(
t′
ta
)
dt′ =
ε−1(t)
ta
− ε
−2(t)
t2a
+
ε−3(t)
t3a
+ . . . (B1)
1
ta
exp
(
− t
ta
)∫
ε(t′) exp
(
t′
ta
)
dt′ = ε− taε1(t) + t2aε2(t)− t3aε3(t) + . . . (B2)
where εn is the n-th derivative of ε and ε−n is the n-th indefinite integral (or anti-derivative)342
of ε. If the largest period, Tmax in the Fourier decomposition of ε with a non-zero co-343
efficient satisfies Tmax < ta then the n-th term in equation B1 will be a correction of344
order O(Tnmax/tna), and convergence is expected. For long period changes Tmin > ta,345
equation B2 provides an expansion where we have O(tna/Tnmin) correction for the n-th346
term.347
In the short period limit, Tmax < ta, we find a first-order correction to equation348
4:349
R(t)
r
=
exp
(
ST (t)
Aσ0
)
M + ε
−1(t)
ta
, (B3)
where in practice we compute ε−1(t) using the following equation unless the indefinite350
integral is known analytically.351
ε−1(t) =
∫ t
−t0
exp
(
ST (t)
Aσ0
)
dt−Mt, (B4)
where t0 > 0 is chosen sufficiently large to erase the influence of the initial stress value352
in the integral. Numerical exploration of equation B3 suggested that the additional cor-353
rection term is typically small and unlikely to be useful in practical applications.354
In the long period limit, Tmin > ta, we get,355
R(t)
r
=
exp
(
ST (t)
Aσ0
)
exp
(
ST (t)
Aσ0
)
− ta exp
(
ST (t)
Aσ0
)
ṠT (t)
Aσ0
=
1
1− ta ṠT (t)Aσ0
≈ 1 + ta
ṠT (t)
Aσ0
, (B5)
where the approximation represents a first order Taylor expansion. Equation B5 may356
be useful when investigating long term behavior such as seasonal changes if ta is shorter357
than 1 year as is probably the case in active tectonic settings (e.g. Bettinelli et al., 2008).358
Notably, equation 9 depends on the stressing rate, not directly the stress, and is to the359
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first order linearly proportional to the stressing rate (Figure B1). Implying that, in this360
particular limit, the seismicity rate is out of phase with the stress variations. This re-361
sult is consistent with the findings of Helmstetter and Shaw (2009) for slowly varying362
stresses. Furthermore, we see that equation 4 is not valid in this limit since it predicts363
that the seismicity rate is proportional to the stress change, not the stressing rate.364
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Figure B1. Simulations of seismicity rate response for ST (t)/Aσ0 = −0.1 · sin(2πt/T ) + t/ta,
where the period T = 20ta. In this limit equation 9 predicts that the seismicity rate should be in
phase the stressing rate and the equations 4 or 8 are in no agreement with the full solution 1
Finally we can infer seismicity rate behavior in the presence of both oscillatory stresses365
with short periods SST (t) and long periods S
L
T (t) relative to ta. Inspection of equation366
B5 suggests that long period stresses changes act to modulate the background rate. This367
suggests a combined form of equations A10 and B5368
R(t)
r
=
exp
(
SST (t)
)
1
M
(
1− ta
ṠLT (t)
Aσ0
) , (B6)
where M is the long-term mean of exp
(
SST (t)
)
i.e. the short period stresses. While equa-369
tion B6 is derived here by inspection it can be derived explicitly in the same manner as370
equation B5 by assuming that the long period stresses long periods SLT (t)+t/ta can be371
considered constant at the time-scale that exp(SST (t)) converges to a mean. This is es-372
sentially the same assumption as is required for equations A10 to be valid.373
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